Abstract A new method for the analysis of the adiabatic potential energy surfaces of Jahn-Teller (JT) active molecules is presented. It is based on the analogy between the JT distortion and reaction coordinates. Within the harmonic approximation the JT distortion can be analysed as the linear combination of all totally symmetric normal modes in the low symmetry minimum energy conformation. Contribution of the normal modes to the distortion, their energy contribution to the JT stabilisation energy, the forces at high symmetry cusp and detailed distortion path can be estimated quantitatively. This approach gives direct insight into the coupling of electronic structure and nuclear displacements. Further more, it is reviewed how multideterminental DFT can be applied for the calculation of the JT parameters. As examples the results for VCl 4 , cyclopentadienyl radical and cobaltocene are given.
Introduction
The Jahn-Teller (JT) theorem states that a molecule with a degenerate electronic ground state spontaneously distorts along non-totally symmetric vibrational coordinates. This removes the degeneracy and lowers the energy. At the point of electronic degeneracy the Born-Oppenheimer (BO) [18] , or adiabatic, approximation breaks down and there is vibronic coupling between electronic states and nuclear motion. The theory underlying the JT and related effects, is well known and documented in detail [15] . It is based on a perturbation expression of the potential energy surface near the point of electronic degeneracy. The coefficients in the expression of potential energy are called vibronic coupling coefficients, and they have a physical meaning. One of the goals in the analysis of JT systems is the determination of these parameters, and rationalizing the microscopic origin of the problem.
Despite the big advance in various experimental techniques used to study the JT effect, it is not sufficient to understand the latter based only on experimental data. Computational methods are, thus, necessary to get deeper insight into the system under study and to predict the properties of unknown ones. Traditional first principles methods can still be used even where non-adiabatic effects are important, if the BO approximation is reintroduced by the perturbation approach. Density Functional Theory (DFT) is the most common theoretical method in quantum chemistry today, but there are still erroneous beliefs that it is not able to handle degenerate states. E.g. Bersuker [14] and Kaplan [49] emphasised that DFT techniques are not adequate to reproduce vibronic effects. In contrary, DFT can be applied to both, degenerate and excited states, as formally proved by the reformulation of the original Hohenberg-Kohn theorems-constrained search method and finite temperature DFT [63] . Further more, Kohn-Sham (KS) DFT, as the most common practical way of using DFT, is based on the equations equivalent and fully compatible with equations used in wave-function based methods. Conventional single determinant DFT has been extended to handle the multiplet problem [27, 84] . A method based on this multideterminental DFT, for the study of the JT systems was developed in our group [21] and reviewed in this article. The theory behind the DFT is well elaborated and will not be presented in this review. The reader interested in this subject is referred to a several good and comprehensive reviews or books e.g. [31, 51, 63] and to the references therein.
The JT effect is dictated by the molecular symmetry. Group theory allows identifying the symmetry of the JT distortion, which is for simple molecules usually determined by one single normal coordinate that satisfies the symmetry requirements. In complex molecules, the JT distortion is a superposition of many different normal coordinates. In the JT semantics this is called the multimode problem. In this review the treatment of this problem using DFT recently proposed by us [86] is presented. The essence of our proposition is to express JT active distortion as a linear combination of all totally symmetric normal modes in the low symmetry minimum energy conformation. It is based on the fact that JT distortion is analogous to a reaction coordinate. The reaction coordinate belongs to the totally symmetric irreducible representation of the molecular point group of the energy minimum conformation, as proved by Bader [9] [10] [11] and Pearson [64, 65] . This is so even if a complicated nuclear motion is considered for the reaction coordinate. The JT distortion can always be written as a sum of totally symmetric normal modes. A detailed analysis of the different contributions of the normal modes is of interest, because it gives direct insight into the coupling of electronic structure and nuclear movements. This is of a particular interest in various fields of chemistry, e.g. in coordination, bioinorganic, material chemistry, or in discussing reaction mechanisms.
This review is organized in the following way. In Sect. 2 the vibronic coupling theory used in this work will be presented, with an emphasise on the different aspects and meaning of vibronic coupling constants. Several simple examples are given to show how the group theory is used for a qualitative discussion. In Sect. 3 we show how DFT can be applied for the calculation of the JT parameters. Section 4 contains some particular examples from our work as illustration of the concepts discussed in Sects. 2 and 3. They are tetrachlorovanadium(IV) (VCl 4 ) in 4.1, cyclopentadienyl radical (C 5 H : 5 ) in 4.2, and cobaltocene (CoCp 2 ) in 4.3. In the Sect. 5 our model for the analysis of the multimode JT effect is described in detail. Finally, conclusions and perspectives are given in Sect. 6. In Sect. 7 computational details are reported. 
W represents vibronic operator (JT Hamiltonian) and is a perturbation on the H HS . Next, consider that the ground state eigenfunction of H HS with energy, E 0 , is f-fold degenerate, ‰ , are given, according to the conventional second-order perturbation theory, where 0 designate the ground state, and p excited states: (9) are the electronic relaxation.
The complexity of (4) is reduced by symmetry rules, which allow identifying the non zero vibronic coupling constants. The Hamiltonian is invariant under all symmetry operations of the corresponding point group. Therefore, the operator @V =@Q HSk is transforming according to the irreducible representation 
HS .
The slope of the potential energy along the direction Q HSk , is given by the diagonal linear vibronic constant, F k ii . F k ii represents the force, which moves the nuclei and leads to a change of the structure. These terms are zero at any stationary point on the potential energy surface. If the ground state is nondegenerate the integral will vanish unless Q HSk is totally symmetric. Therefore for a system with a nondegenerate ground state, the potential energy surface shows only a gradient along totally symmetric distortions. As a consequence, for any non stationary point, the point group does not change along any reaction path [65] . If the ground state is degenerate, Q HSk might be a basis for a non-totally symmetric representation. This is a case if Q HSk belongs to one of the irreps which is a component of the direct product elect HS˝ elect HS . The spontaneous distortion along these non-totally symmetric normal coordinates, Q HSk s, leads to a descent in symmetry and removes the degeneracy of the ground state. When the symmetry is lowered, ‰ HS;0 i is no longer degenerate, and the F k ii will be zero unless the Q HSk becomes totally symmetric in the new point group. The movement of nuclei that were non-totally symmetric in the G HS , must now become totally symmetric. The point group G LS of the minimum on 3 Totally symmetric component of the direct product vib HSk˝ vib HSl yields the harmonic force constant, K 0 , which is separate term in (4).
http://doc.rero.ch the potential energy surface, can be predicted by looking at the correlation tables for the symmetry descent, e.g. in [7] . The point group G LS is the one in which the mode becomes totally symmetric. If there are several possibilities for a descent in symmetry, G LS of the minimal energy conformation is the highest one with lifted degeneracy according to the epikernal principle [23, 24, 46] . Jahn and Teller [47] examined all degenerate terms of the symmetry point groups of non-linear molecules, and showed that there is always at least one non-totally symmetric vibration for which the F k ij ¤ 0. This holds even for double groups, in this case ‰ HS;0 i is a Kramers doublet. This is the physical basis of the (first order) JT effect. The JT problems are classified according to the symmetry types of the electronic states and the vibrations that are coupled, ˝ [46] . For example, E˝e JT problem denotes, coupling of the degenerate electronic state of irrep E, by a degenerate vibration of irrep e. Since the slope of the potential surface at the high symmetry configuration, R HS , is nonzero, this conformation corresponds not to a stationary point. It represents a cusp of the potential energy surface obtained in conventional DFT.
The curvature of the potential energy surface in the direction Q HSk at R HS , is measured by the force constant, [46] . The diagonal matrix elements of the second derivative of the potential energy operator, are the primary or nonvibronic force constants, K 0 [46] . K 0 is always different from zero and positive [46, 70] . It represents a restoring force that tends to bring the system back to the more symmetrical situation. HS configuration represents the most stable configuration of the molecule, if the vibronic coupling is ignored, as it minimizes electron-electron repulsion.
The electronic relaxation, R ip D 1 2 K v , depicts the coupling of the ground state with excited states. This term is always negative, due to the nominator E 0 E p . Generally it is different from zero, because there is always some excited states, of the same irrep as the ground state. It becomes increasingly important when the ground and the excited states are close in energy. It is referred to as the vibronic force constant, K v [46] . It is responsible for: (1) the negative curvature along the reaction coordinate of the potential energy surface at a transition state [65] (2) for the pseudo-Jahn-Teller effect [46, 65] , configurational instability of polyatomic species with nondegenerate electronic states; (3) for the avoided crossing between the states of the same symmetry; (4) for the softening of the ground state curvature at the energy minimum conformation; and (5) it contributes to the anharmonicity of the vibrations. In practice, in the analysis of JT systems, this term is usually neglected, or added to the total, observed force constant K k .
The quadratic constants, G kl ij , in non linear molecules influence the shape of the potential energy surfaces. This is true for the higher order terms, e.g. cubic, and terms R ip (PJT terms) also. Discussion of the various terms contributing to the warping of the potential energy surface can be found in e.g. [39] . For linear molecules the linear vibronic constants are always zero because the non-totally symmetric vibrations are odd and the degenerate states are even. The quadratic terms however are nonzero, and this may lead to instability of the linear configurations in case of a sufficiently strong coupling. This is physical basis of the RT effect [46, 66] .
As we see, the complexity of (4) is already reduced by symmetry rules, which allow us to identify the non zero vibronic coupling constants. Moreover, the application of the Wigner-Eckart theorem [33, 81] 
Thus, only one reduced matrix element has to be calculated or determined experimentally, because the coupling coefficients are known. This simplifies the interpretation considerably. E.g. in the case of a E˝e JT problem the potential energy surface is determined by only three reduced matrix elements, corresponding to the parameters F , G, K [46] .
In order to show how the theory given above can be applied, few simple examples are shown. Numerical results obtained from the DFT calculation on these systems are given later, Sect. 4.
The 
2 ), and the descent in symmetry goes to C 2v . The electronic state will split into A 2 and B 1 , while the degenerate JT active distortion e 0 2 splits into a 1 and b 2 . Let us analyse the problem in the space of the two components Q a and Q b of e 0 2 (Q a is of a 1 symmetry in C 2v , and Q b is of b 2 symmetry). The JT active distortion is the totally symmetric reaction coordinate, a 1 , in C 2v . The modes of b 2 symmetry allow mixing of the two electronic states emerging from the degenerate ground state. The second order vibronic coupling constant, G 
and the remaining integrals are:
Potential energy as a function of a distortion along Q a and Q b is:
The energy change along Q a , or Q b or along any linear combination is the same. In this expression only quadratic forms of Q a and Q b are present, thus the energy of a distortion along Q a is the same energy as along Q a , thus only the other component of the degenerate state is stabilized. The potential energy surface has a Mexican-hat shape, without any warping. Energy change is the same in all directions in the two dimensional space spanned by these two coordinates.
In the case of CoCp 2 there are six different e 
. In HS, thus the first order and the second order JT effect are separated. As one component of e 0 1 becomes in LS totally symmetric too, they will also mix and contribute to the totally symmetric JT coordinate. Thus, we see that considering only one normal coordinate is not enough to describe the JT effect even in this simple case. In the subsequent sections we will address this problem again, and propose how to analyse which is the contribution of the different vibrations to the total distortion of a molecule, and which of them are the most important driving force for the distortion.
Next, let see how group theory can be used in determining the symmetry properties of the JT distortions in a tetrahedral, T d , molecule with an E ground electronic state, e.g. VCl 4 , Sect. 4.1. The symmetry of the JT active vibration is determined as E˝E A 1 COEA 2 CE. This is another example of an E˝e JT problem. Symmetry lowering is T d ! D 2d . In lower symmetry e vibration splits into a 1 C b 1 . Only one component of the degenerate vibration is JT active. JT distortion is along the totally symmetric reaction coordinate, a 1 , in D 2d . The potential along the direction of the JT inactive vibrations is parabolic with a minimum for the high symmetry conformation. In this case quadratic vibronic coupling constant is different from zero, as there is always E terms present in the direct product of E˝E, and the potential energy surface has a famous Mexican-hat-like form, with three equivalent minima and three equivalent transition states. The distortion along CQ a 1 and Q a 1 are not identical. The energy of the two different states is not the same.
DFT Calculation of the JT Ground State Properties
As seen in the Sect. 2, JT effect is governed by the symmetry properties of G HS and G LS point groups of the studied molecule. The information from group theory can be used for a qualitative discussion. This does not tell anything about the degree of the distortion or how big the energy gain is due to the descent in symmetry. These questions are of fundamental importance to characterize JT systems. To answer them it is necessary either to perform the experiment, and fit the results to the proposed model, or to carry out a computational study.
The vibronic coupling constants discussed in Sect. 2 define the potential energy surface. A qualitative cut through the potential energy surface, along JT active vibration Q a is given in Fig. 1 . The figure indicates how the parameters E JT (the JT stabilization energy), (the warping barrier), R JT (the JT radius) and E FC (the Frank-Condon transition) define the potential energy surface. The meaning of the parameters is clear -energy stabilization due to the JT effect is given by the value of E JT (or alternatively by E FC D 4E JT ), and direction and magnitude of the distortion by the R JT .
Using non-empirical methods it is, at least in principle, easy to calculate this alternative set of parameters. They are connected to the set of parameters discussed in previous Sect. 2, e.g. for the E˝e JT problem using following expressions, (15), (16), (17):
Similar expressions, for other type of JT problems can be found in [46] . DFT is the modern alternative to the wave-function based ab initio methods and allows to obtain accurate results at low computational cost, that also helps to understand the chemical origin of the effect. DFT, like Hartree-Fock (HF) methods, exploit molecular symmetry which is crucial in the case of computational studies of the JT effect. It also includes correlation effects into the Hamiltonian via the exchange-correlation functional. HF and many-body perturbation methods are found to perform poorly in the analysis of JT systems for obvious reasons, at contrast to the methods based on DFT, or multiconfigurational SCF and coupled cluster based methods [73] . The later are very accurate but have some drawbacks, mainly the very high computational cost that limits the applications to the smaller systems only. Another drawback is the choice of the active space which involves arbitrariness.
In order to get the JT parameters, it is necessary to know geometries and energies of HS and LS points. For the LS points, as they are in non-degenerate electronic ground state, at least formally, this is straightforward. Electronic structure of the HS point, on the other hand, must be represented with at least two Slater determinants, consequently, using a single determinant DFT is troublesome. Wang and Shwarz [79] , or Baerends [69] pointed out that a single determinant KS-DFT is deficient in the description of (near) degeneracy correlation. In a non-empirical approach to calculate the JT distortion using DFT [21] it was proposed to use average of configuration (AOC) calculation to generate the electron density. This is a SCF calculation where the electrons of degenerate orbitals are distributed equally over the components of the degenerate irreps leading to a homogeneous distribution of electrons with partial occupation, in order to retain the A 1 symmetry of the total density in the HS point group. E.g. for e 1 configuration this will mean to place 0.5 electrons into each of the two e orbitals. This calculation yields the geometry of the high symmetry species.
The idea of fractional occupation numbers was introduced by Slater [71] , already in 1969. This approach is not limited for the JT systems, e.g. it was explored by Dunlap and Mei [32] for molecules, by Filatov and Shaik [36] for diradicals, and is also used for calculations of solids and metal clusters [8] . It rests on a firm basis in cases when the ground state density has to be represented by a weighted sum of single determinant densities [53, 79] . One should remember that molecular orbitals (MO) themselves have no special meaning. Thus, using partial occupation is just a way of obtainning electron density of a proper symmetry (HS).
Although, AOC calculation gives us geometry of a HS point, using simply the energy obtained in this way would be erroneous. AOC calculation is giving too low energy. The JT stabilization energy is not simply the energy difference between the HS and the LS species. This is due to the self interaction error (SIE) present in the approximate exchange-correlation functionals used in practical DFT (approximate DFT), unless special forms are taken into account. This is sometimes referred as overestimation of the delocalisation by approximate DFT. Zhang and Yang [83] showed that SIE in case of delocalized states with non integer number of electrons, e.g. in HS point, is much bigger than in case of localized ones, where an integer number of electrons is present, e.g. in LS point. SIE will always artificially stabilize the energy of systems having fractional number of electrons compared to the corresponding ones with integer number of electrons. It is also worthwhile to stress that relative stability of the states with partial occupation relative to the ones with integer occupation (delocalized vs. localized) is of interest not only in study of JT systems as such, but also in the field of chemical reactivity or mixed valence compounds.
To solve this problem and to obtain E JT , a multideterminental DFT approach is applied. We need two types of DFT calculations: (1) a single-point calculation imposing the high symmetry on the nuclear geometry and the low symmetry on the electron density. This is achieved by introducing an adequate occupation scheme of the MOs. This gives the energy of a Slater determinant with an integer electron orbital occupancy. (2) A geometry optimization in the lower symmetry. E JT is the difference in these two energies. To obtain the energies of the degenerate states at HS one needs to evaluate the energies of all possible single determinants with integer occupations in HS geometry. Thus, both steps will be repeated for all the possible combinations of electronic states in G LS . The energy of vertical (Franck-Condon) transition E FC , is easily obtained in promoting the unpaired electron from the ground state to the first excited state for the ground state geometry. Our computational recipe, for the case of VCl 4 is schematically drawn in Fig. 2 .
In order to discuss the JT distortion on the adiabatic potential surface we define a vector R JT as the vector given by the displacements of the atoms from the high symmetry point defined by the R HS . The JT radius, R JT is given by the length of the distortion vector between the high symmetry and the minimum energy configuration. Let us summarize our calculation recipe:
1. AOC geometry optimization with fractional orbital occupation. This yields the HS geometry R HS 2. Geometry optimization with the different LS electron distributions. This yields the different LS geometries R LS;min and R LS;TS , and the different energies E LS;min and E LS;TS that correspond to the minimum and to the transition state on the potential energy surface respectively 3. Single point calculation with fixed nuclear geometry R HS and different LS electron distributions with an integer SD occupations, resulting the energies E HS;LS;min and E HS;LS;TS . Energies for the different distributions should be equal 4. Single point calculation of the excited states with R LS to obtain E FC .
Combination of the calculated energies yield the JT parameters, E JT , , E FC . 
Within a harmonic approximation the JT distortion is given as a linear combination of displacements along all, N a 1 , totally symmetric normal coordinates in the http://doc.rero.ch LS conformation. The linear coefficients, or the weighting factors, w HSk , define the contribution of each of these normal modes, Q k , to the distortion.
Each of the totally symmetric normal modes contributes the energy E k to the JT stabilisation, and E JT can be expressed as the sum of these energy contributions, (23) . Force at HS point, which drives the nuclei along Q k to the minimum is given by F HSk (24) .
Detailed discussion of this analysis is given in the Sect. 5.
Applications
In this section we present the applications of DFT to discuss JT distortions. The results demonstrate that the computational recipe, described previously, Sect. 3, allows the calculation of the JT parameters, which are in good agreement with the experimental results. In this section, results of the analysis of the multimode JT effect are presented too.
Tetrachlorovanadium(IV), VCl 4
Among the simplest of the JT molecules is VCl 4 , a tetrahedral molecule with a d 1 configuration. It is characterized by a small JT effect. The method of calculation of the JT parameters using DFT was first developed on this system in our group [21] and it shows some important features. In T d point group, a single electron occupies e orbital. The electronic ground state is 2 E. After the symmetry descent to D 2d the later splits into 2 A 1 and 2 B 1 . In order to obtain JT parameters calculation recipe discussed in Sect. 3 is applied. Calculation method is summarized in Fig. 2 and results are given in Table 2 . As a starting point the geometry of VCl 4 has been optimized in T d symmetry using an AOC calculation. This means that both e orbitals carry 0.5 electron leading to a totally symmetric electron distribution. The second step is to carry out a calculation with fixed T d geometry occupying selectively one of the two degenerate orbitals. Finally a geometry optimization in D 2d symmetry is performed, corresponding to both 2 A 1 and 2 B 1 electronic ground states, leading to two different geometries and energies. Only due to the imposal of different electron distribution in two D 2d cases, the calculations give rise to the simulation of the JT distortion. The results of this calculation are shown in Table 2 .
We notice that the energies E. 2 A 1 ; T d / and E. 2 B 1 ; T d / are not equal. This inequality is due to the nature of the numerical integration grid involved in DFT calculations [28] . This is generally observed also if symmetry arguments impose equal energy. In this cases energy difference between two is negligible, e.g. in the case of cobaltocene (see Sect. 4.3). From the Table 2 it is evident why the two calculations with T d nuclear geometries and D 2d electron densities have been performed. Comparing the final energies in LS with the one obtained from AOC calculation in T d would give a misleading result, that there is no JT effect. The electron distribution in the nondistorted VCl 4 is different from that in distorted one. The electron interaction term in the total energy is also different. In order to compare the two LS geometries with one in the HS, the unpaired electron needs to be distinguishably placed in one of the two e orbitals, as done in our calculation scheme.
Within 3N 6 D 9 normal modes only one pair of e and one a 1 modes have non zero linear vibronic coupling constant. Thus this can be the simplest case of the multimode problem, with possibly two JT active vibrations. Applying our method for the analysis of the different contributions of the normal coordinates, Sect. 5, we find that the contribution of the e mode to the distortion is more than 99%, which is in agreement with usual consideration of VCl 4 system as an ideal, single mode problem. This also justifies full potential energy surface calculation along the JT active component of the degenerate vibration, Q a for both electronic states. In the case of simple molecules, e.g. tetrahedral VCl 4 , it is possible to have analytical expression for the displacements, which can be found in e.g. [46] . This vibration is illustrated in Fig. 3 , potential energy surface calculation along it on Fig. 4 , and the Mexican-hat-like plot on Fig. 5 .
In summary this shows that DFT calculations for this simple molecule, with a relatively small JT effect, yields results in good agreement with the experiments [4, 16, 48, 61] . E JT D 50:8 cm 1 is obtained by the DFT calculation and the 
Cyclopentadienyl Radical
Cyclopentadienyl radical is one of the most studied JT active molecules, both experimentally and theoretically. Theoretical works trace back to Andy Liehr in 1956 [54] . They span many different methods [5, 12, 17, 26, 43, 45, 50, 54, 59, 72, 85] during the years. The values of E JT obtained are summarised in Table 3 . The JT effect was discussed using various models, (1) the classical perturbation model as in the work of Liehr [54] (2) models based on the analysis of spectra as in the works of Miller et al. [5, 6] or Stanton et al. [45] , (3) Valence Bond (VB) model [85] , or (4) vibronic coupling density analysis [67] . Somehow surprisingly there was to our knowledge no attempt to use DFT to analyse the JT effect in this system up to now. As it can be seen from the Table 3 our multideterminental DFT approach gives the value of 1,253 cm 1 for E JT which is in excellent agreement with the experimental one of 1,237 cm 1 [6] . The various other theoretical methods give different results ranging from 495 to 5,072 cm 1 . Studies of Miller et al. [5, 6] who used complete active space methods (E JT D 2147cm 1 ) and dispersed fluorescence spectroscopy (E JT D 1237cm 1 ), as well as fitting of ab initio calculations to the spectra [72] 728 Semiempirical-MO [43] 495 HF/STO-3G [59] 5,072 CI/STO-3G [17] 2,484 HF/6-311+G* [26] 1,452 MP2/6-311+G* [26] 3,065 MP4/6-311+G* [26] 2,581 CCSD/6-311+G* [26] 1,613 CCSD(T)/6-311+G* [26] 1,613 CASSCF/cc-PVDZ [12] 2,139 CASSCF/6-31G* [5] 2,147/1,463 CASSCF/cc-PVDZ [50] 1,665 CISD/cc-PVDZ [85] 2,553 EOMIP-CCSD/DZP [45] 1,581 DFT(LDA)/TZP (E JT D 1;463cm 1 ) are considered to be benchmark results for the determination of the JT parameters. They also identified three dominant normal modes necessary to explain their results. These were recently confirmed by Stanton et al. using Equation-of-motion ionization potential coupled-cluster (EOMIP-CCSD) calculations [45] . Thus, this system is a good test case for both our multideterminental DFT approach in studies of the JT effect and for our model of the analysis of the multimode JT effect.
The ground electronic state of C 40, 76] calculations; contribution of the normal mode Q k to the R JT is given by w k (linear coefficients in (22)); c k linear coefficients (w k ) normalized to 1; E k energy contribution of Q k to the E JT calculated in harmonic approximation, (23) the quadratic coupling constant, G kl ij is zero, and there is no warping of the Mexican hat. In order to analyse multimode character of the JT distortion in C 5 H : 5 we express the distortion as a linear combination of all totally symmetric normal modes in the LS energy minimum. Details of the procedure will be given later in Sect. 5, and only the results are presented in Table 5 .
We are able to identify the three most important vibrations contributing to the JT distortion, vibrations 1, 3 and 6, in agreement with previous studies [5, 6] . Comparing our results to the experimental one we may note that vibrations 3 and 6 are contributing approximately the same amount to the E JT . While the other authors considered only those three normal modes, in our model all vibrations that can contribute to the JT distortion are included. Our model is completely theoretical without Vibrations 1, 3, 6 contribute 90% to the JT distortion. Vibrations 2 and 5, which correspond to the e 0 1 irreps in D 5h around 10%. They are JT active in the second order, and accordingly not negligible. This is because the vibrations are all of the same type, in plane ring deformation, as the ones corresponding to the e 0 2 , C-C-C bend and C-C stretch, thus influencing the C-C bonding in a similar way.
Cobaltocene
The high symmetry conformation of metallocenes can be either D 5h if the two rings are eclipsed or D 5d if the two rings are staggered. In both cases the symmetry arguments are the same as for an intermediate structure of D 5 symmetry. The ground electronic state of cobaltocene in D 5h symmetry is 2 E 00 1 , 2 E 1g in D 5d , with a single electron in the doubly degenerate orbital. Using group theory it is easy to show, see Sect. 2 that the distortion coordinates are of e 0 2 irreps in the eclipsed and of e 2g in the staggered conformation, and the descent in symmetry goes to C 2v and C 2h respectively. The electronic states will split in D 5h E 00 1 into A 2 and B 1 , in D 5d E 1g into A g and B g . Respectively, the JT active distortion e 0 2 splits into a 1 and b 2 and e 2g into a g and b g .
This system is more complicated than the previous ones, because an internal rotation of the rings is present. Our study [86] showed that this rotation does not influence the JT distortion. In the low symmetry, C 2v for the eclipsed, C 2h for the staggered conformation, the structure of the rings is nearly identical. This strongly suggests that the energy barrier for the rotation of the rings is small compared to the E JT . This was verified calculating the energy profile for the ring rotation. The energy barrier for the internal rotation of the rings, from eclipsed to staggered conformation, is estimated to be around 240 cm 1 in both high and low symmetries, similar to the energy for the rotation of the rings in ferrocene [13] . Cobaltocene in D 5h symmetry is approximately 160 cm 1 more stable than in D 5d . This is in agreement with results of previous DFT calculations on metallocenes [75, 82] . The energy difference between the low symmetry conformations C 2v and C 2h obtained by descent in symmetry from D 5h and D 5d is similar. This is summarised in the Fig. 7 .
Cobaltocene has been subject of wide research [3, 4, 22, 34, 52, 58, 74, 80] , but only recently a detailed analysis [86] of the JT distortion has been carried out. Calculations were done for both the eclipsed and the staggered conformations, giving similar results. In this paper we will present only the results for the more stable of the two, i.e. for the eclipsed case. Details for both eclipsed and staggered conformation can be found in [86] . As already indicated in previous Sect. 3, DFT produces a totally symmetric electron distribution if each e 00 1 orbital carries 0.5 electrons. There are two distinct ways to accommodate the single electron in C 2v symmetry, i.e. a Table 6 .
The JT stabilization energy is 814.2 cm 1 in good agreement with the value of 1050cm 1 estimated from the solid state EPR [4, 22] . The experimental results strongly depend on the diamagnetic host matrix, thus making experimental determination of the JT parameters difficult. The JT energies for the different electronic states are almost exactly the same, the difference is only 0:7 cm 1 , smaller http://doc.rero.ch vibrations which are second order JT active. They become all totally symmetric in C 2v symmetry (one component of each pair in the case of the degenerate vibrations). Thus in C 2v symmetry we have 16 totally symmetric vibrations. As already pointed 40, 76] calculations; contribution of the normal mode Q k to the R JT is given by w k (linear coefficients in (22)); c k linear coefficients (w k ) normalized to 1; E k energy contribution of Q k to the E JT calculated in harmonic approximation, (23) out in order to analyse JT distortion in terms of the contribution of different normal coordinates, we express the distortion as a linear combination of all totally symmetric normal modes in the low symmetry (C 2v ) minimum energy conformation. The result is given in Table 7 . Assignment of the vibrations is given according to the normal coordinate analysis of the ferrocene and ruthenocene [2, 13, 20, 68] . The main contribution to the JT distortion arises from the four e 0 2 type vibrations (labelled as 4, 7, 8 and 10 in Table 7 ). They contribute to about 95% of the total JT distortion vector. The four vibrations are: the out-of-plane ring distortion, 4, the in-plane ring distortion, 7, the C-H wagging (the out-of-plane C-H bending), 8, and in-plane C-H bending, 10. These vibrations are illustrated in Fig. 8 , using the vibrational energy distribution representation [44] . The analysis shows, that the contribution of low energy skeletal vibrations (1 to 3) and the high energy vibrations (C-H stretch 14 to 16) is almost negligible. The JT important e 0 2 vibrations, and hence the JT distortion, is predominantly located in the five-member rings. The main contribution is the out-of-plane deformation of cyclopentadienyl ring (vibration 4). This is expected because this normal coordinate minimizes antibonding interactions between the cyclopentadienyl ring orbitals and the single occupied metal d orbital. The symmetry of the electronic ground state in HS point directs E JT calculated from the LS normal coordinate analysis is in the excellent agreement with previously calculated one using multideterminental approach. In C 5 H : 5 both the JT electronic deformation and nuclear displacements are localized in the rings, while in CoCp 2 the first is localized on the central metal ion and the latter on the Cp rings. In C 5 H : 5 contributions originating from the second order JT active vibrations, e 0 1 , are consequently not negligible. The mixing of the totally symmetric vibrations in lower symmetry is expected to increase with increasing deviation from the high symmetry geometry. It is interesting to see how the composition of the distortion vector changes along the minimal energy path. The later is defined as the steepest descent path [37, 38] , down from the JT, HS, cusp to the local energy minimum, LS. The former is easily calculated using the Intrinsic Reaction Coordinate (IRC) algorithm as implemented by Deng and Ziegler [29, 30] in the ADF program package [1, 40, 76] . There is a complete analogy between the JT distortion and chemical reaction paths, thus it is possible to use the same algorithms previously developed for the analysis of reaction paths. The JT distortion path is totally symmetric reaction path in the LS potential energy surface, connecting HS, JT cusp, and LS energy minimum. The high symmetry point has a nonzero gradient, thus, the first step is computed in direction of the steepest descent and not in the direction of a negative Hessian eigenvector as usually in IRC calculations starting from the transition states. The path is than computed by taking steps of adequate size and by optimizing all atomic coordinates orthogonal to it. During the calculation C 2v symmetry is conserved, and it is taken into account that one electronic state corresponds to the forward path, and the other to the backward path. IRC calculations for the eclipsed conformation of the rings are summarized in Fig. 9 together with the direct path. It can be seen that these two ways are not significantly different. Changes of the contributions of the four dominant vibrations along the IRC path are represented in Fig. 10 .
The significance of different normal coordinates is not the same at the beginning step and at the minimum. Figure 10 shows that the composition of the distortion vector changes along the minimal energy path. In the beginning, the contribution of in-plane C-H bending, 10, is also important, but as the distortion deviates from the high symmetry point its contribution decreases. The opposite is true for the lowest energy e 0 2 vibration 4, the out-of-plane ring deformation, which is indeed the most important one. The contribution of C-H wagging is also becoming more important. On the first sight, it might be surprising, that the softest of the four modes makes the largest contribution. This indicates that the distortion along the corresponding normal coordinate is larger than for any other one. One can see that the first point along the IRC path is already giving 2=3 of the JT stabilisation. Thus, although IRC calculation gives the information that different contributions change along the reaction path, the information from the first, infinitesimally small, step is missing. This is due to the fact that IRC algorithm is implemented to locate the minima, reactants and products, in the fastest way, and due to the fact that in chemical reactions there is bond formation and bond breaking, thus the distortions are much bigger than in the JT cases. This information is obtained from the calculation of the forces at the HS point as done by our multimode analysis, Table 7 . Vibration 4 is clearly dominating one, while forces along harder vibrations 7, 8 and 10 are smaller and of comparable size. This can be also seen from the values c k , E k and IRC calculations. The importance of the vibration 12 (also corresponding to the e 0 2 irrep in HS) and 13 (corresponding to the e 0 1 irrep in HS) is small but still contributing to the distortion. They contribute each around 1% to the distortion, and each around 5% to the E JT , but with not negligible forces at HS point.
Analysis of the Multimode JT Effect at the Stationary Point of Low Symmetry
As shown in the Sect. 2, the JT theorem predicts a spontaneous distortion of the high symmetry configuration. Group theory allows finding the irreducible representation of the non-totally symmetric vibrations in the HS conformation, which are JT active and remove the degeneracy and lead to a stabilization of the system by lowering the symmetry. The irreducible representations of the active modes, A 1 C vib HS in G HS . G LS , the point group of the minimum energy conformation is defined by the requirement that the irreps of the active modes become totally symmetric upon descent in symmetry and application of the epikernal principle [23, 24, 46] .
JT distortion, R JT represents a displacement of the nuclei from the HS conformation to the LS energy minimum on the 3N 6 dimensional potential energy surface. The minimum is localized by energy minimization constraining the structure to G LS , using well developed algorithms as implemented in standard computational chemistry program packages. The difference between the HS cusp and the LS conformation of minimal energy defines the R JT . The path from the cusp to the minimum conformation is a reaction coordinate. This has been often overlooked. Therefore, the symmetry rules developed by Bader [9] [10] [11] and Pearson [64, 65] can be applied. The JT distortion is defined by the symmetry of the electronic states, as pointed out above and represents a totally symmetric reaction coordinate in G LS . Any displacement on the potential energy surface, also R JT , has to be totally symmetric and consequently a superposition of the totally symmetric normal coordinates. The number of the later is N a 1 , in general smaller than 3N 6.
Within the harmonic approximation, 3N 6 dimensional potential energy surface has a simple mathematical form. Because the displacement of the nuclei must be totally symmetric in the G LS , the potential energy surface is defined as a superposition of N a 1 Ä 3N 6 totally symmetric orthogonal oscillators in LS. In other words the JT distortion is given as a linear combination of displacements along all totally symmetric normal modes in the LS minimum energy conformation. Using this approach it is possible to estimate the contribution of the different normal modes to the R JT in a complex system. N a 1 is in general larger than the number of JT active, JT , vibrations, which spans vib HS . Because they are of the same symmetry they contribute all to the JT distortion. Especially the a 1 modes in G HS mix into the JT vibrations, because they never change upon descent in symmetry and they are always present in the direct product elect HS˝ elect HS . An example is the E˝e problem in T d point group discussed for VCl 4 in Sect. 4.1. In this case only one component of the angle deformation of e symmetry is JT active. It changes to a 1 in D 2d . In the lower symmetry it might mix with the a 1 stretch vibration which is not JT active in T d . In many situations other irreps, which are not JT active in HS become totally symmetric upon descent in symmetry, and therefore contribute also to the JT distortion. This is found in the case of the JT D 5h ! C 2v distortion 5 already discussed for C 5 H The choice of the LS geometry as the reference point is in contrast to the usual treatment of the JT effect. This point corresponds to a energy minimum and has the property that the Hessian of the energy is positive semi-definite 6 and thus can be used to obtain the harmonic vibrational modes without any complications. As already pointed, the totally symmetric subset of vibrations is used to represent potential energy surface of the JT distortion in a harmonic approximation. The HS point in contrary is a cusp on the potential energy surface, the gradientsfirst derivatives of energy over nuclear displacements, are discontinuous and not zero, hence this point is inappropriate for a normal coordinate analysis. Conventional quantum chemistry program packages do not allow to use other points than stationary ones as a reference point in the frequency calculations. Thus, frequency calculations in the HS point will need the implementation of special algorithms into the conventional quantum chemistry packages, e.g. ADF. Of course one can use the results of the normal coordinate analysis of a similar JT-nonactive molecule (e.g. with one electron more or less), but this is an unnecessary approximation. Such a calculation, however, yields no gradients along the JT active modes, which are the essential ingredient of the JT distortions, the force, which drives the molecule out of the high symmetry conformation. In the HS point a 1 and JT normal coordinates do not interact, which is not the case in the LS point, as they are then all of the same symmetry. This allows us to obtain different contribution from the simple linear equation, (29). Furthermore, it is always possible to correlate normal modes of LS to HS ones, thus having connection to the usual treatment based on perturbation theory in HS.
Based on this consideration it is straight forward to analyse the multimode problem using generalized displacement coordinates, q k (k D 1 : : : 3N ), around the low symmetry (LS) energy minimum as a origin (q LSk D 0; k D 1 : : : 3N ): 
This linear problem can be easily solved to get weighting factors w HSk . They represent the contribution of the displacements along the different totally symmetric normal coordinates to the R JT .
The weighting can be normalized to 1, which is more informative as c k are giving the information of the percentage contribution of each normal mode to the R JT :
The same treatment is possible for any point R X on the potential energy surface:
Alternatively to the method described in Sect. 2, in this harmonic model, E JT is expressed as the sum of the energy contributions of the totally symmetric normal modes.
Thus each normal mode contributes the energy E k to the JT stabilisation.
Similarly one can get the potential gradient along each normal coordinate at any point R X , which is the force, F Xk , which drives the nuclei along each coordinate to the minimum. F Xk is defined as derivative of energy over Cartesian coordinates which yields (38) .
In the HS point this will lead information which normal mode has the steepest descent indicating the main driving force for the JT distortion from the HS to the LS. The total distortion force at a given point is given as the sum of the individual forces, which allows determination of the minimal energy distortion path. (39) http://doc.rero.ch
As a conclusion, the simple analytical form of the potential energy surface allows to calculate the minimal energy path, step by step from HS to the LS energy minimum. It is obvious that along the path the contributions of the different modes will change. At HS only JT active modes contribute. After the first step the symmetry is lowered and the other modes as mentioned will mix in. This allows getting very detailed picture on the interaction between the deformation of the electron distribution and the displacements of the nuclei.
It must be mentioned that the 3N 6 normal coordinates in LS are not identical with the normal coordinates in HS. The correlation between the two systems is however straight forward. There is a unitary transformation between the normal coordinates of HS and LS points: The visual inspection can be used for small molecules, but for larger molecules this is impossible. Alternatively, it is possible to use the method developed by Hug [44] , for the comparison of nuclear motions of structurally similar fragments of molecules. We applied it for the correlation of the normal modes of the same molecule in different conformations belonging to different point groups. Using the idea of similarity of the two normal coordinates it is possible to correlate the HS and LS normal coordinates quantitatively. Furthermore it allows using as a reference molecule (HS) a similar molecule which is not JT active, e.g. cyclopentadienyl anion or ferrocene, thus bypassing difficulties in obtaining the normal coordinates of the HS cusp. Hug's program allows pictorial representation of the unitary transformation matrix as shown in Fig. 11 for C 5 H : 5 , or in matrix form with numerical values of the similarities, as shown in Table 8 for CoCp 2 . Identical modes have the value of 1, while orthogonal value 0. In schematic representation a circle with a diameter equal to the square which contains it means a value of 1.
Conclusions and Perspectives
In this paper a new DFT based method for the qualitative and quantitative analysis of the adiabatic potential energy surfaces of JT active molecules is presented. It is shown how DFT can be successfully applied for the calculation of the JT parameters, and thus be a useful tool in understanding the JT effect and related phenomena. The performance of the model has been evaluated for tetrachlorovanadium(IV) (VCl 4 ), an example of ideal, single mode problem; cyclopentadienyl radical (C 5 H experiment. In addition the importance of the analysis of the multimode JT effect is shown.
JT effect is controlled by the molecular symmetry. Displacements of the nuclei from the JT unstable HS configuration to the LS minimum on the potential energy surface is a totally symmetric reaction coordinate in the G LS point group. This aspect was often neglected so far. This analogy allows application of the fundamental symmetry rule for reaction coordinates, that it belongs to the totally symmetric irreducible representation of the LS point group of the molecule. Thus, within the harmonic approximation, the distortion can be analysed as the linear combination of totally symmetric normal modes of the LS minimum. This model allows quantifying the contribution of all possible normal modes, their energy contribution to the E JT , the forces at the HS cusp and the detailed distortion path.
There is a sophisticated counterplay between the electronic distortion due to the JT effect, mainly localized on the central metal ion, and the distortion of the ligand conformation in metal complexes. This can lead to a surprising result, e.g. that in C 5 H : 5 the JT distortion does not break the planarity in contrast to the situation in CoCp 2 . In C 5 H : 5 the ring accepts an en-allyl conformation, whereas in the complex we find a non planar dien conformation. Similar cases are expected in various JT active chelate complexes. Using our method for the multimode analysis presented in this paper, one can get direct insight into the interaction between electronic structure and the nuclear movements. This is of great significance in various fields, not only in the larger JT systems, but also in the systems like spin-crossover compounds, mixed valence compounds, photochemical reactions etc.
Computational Details
The DFT calculations reported in this work have been carried out using the Amsterdam Density Functional program package, ADF2007.01 [1, 40, 76] . The local density approximation (LDA) characterized by the Vosko-Willk-Nusair (VWN) http://doc.rero.ch
